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Multiple Body Six Degrees of Freedom
Potential Flow Pressure Equation
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The development of an equation which efficiently and credibly expresses pressure for arbitrary bodies, each
moving with six degrees of freedom, is presented. Using an arbitrary number of unit velocity potential
distributions, a form of the nonsteady Bernoulli equation is derived and transformed using indexing methods to
yield an expression for pressure which virtually eliminates algebraic development and computer coding errors
associated with calculations of pressure on bodies where flow is modeled with many unit velocity potential
functions. Pressure and hydrodynamic coefficients are expressed directly in terms of the potentials and their
variations. Numerical verification of the equation is provided by comparison of hydrodynamic coefficients
calculated for a test body using two different potential flow computer codes which contain the new pressure
algorithm and an alternative method for simple bodies. The method reduces the complexity of developing
algorithms and software to model missile launch from submarines using potential flow theory for the combined
motions of the two bodies. The algorithm is general and may be used with an arbitrary number of unit velocity
potentials.

Nomenclature
Ap — patch area
GIJ = steady-state hydrodynamic pressure coefficients
CD/ = nonsteady hydrodynamic pressure coefficients
ef = orthogonal unit vectors collinear with moving

reference frame axis
ef = orthogonal unit vectors collinear with moving

reference frame axis on submarine
ei = orthogonal unit vectors collinear with moving

reference frame axis on missile
fnin2- = mathematical function, defined in text
/ = mathematical function, defined in text
Ei =unit vectors collinear with inertial reference frame

axes
= number of unit velocity functions
= number of unique pressure coefficients
= unit vectors on submarine or missile surface patch
= pressure at an arbitrary point in fluid
= pressure at a fixed point on a body
= position vector to reference point fixed on moving

coordinate system
itj = moving frame velocities (translational and

rotational)
Vf = inertial velocity of fluid
Vp = inertial velocity of point fixed on moving body
Vpm = inertial velocity of point fixed on missile
Vp™ = inertial velocity of point fixed on submarine
Xj = Cartesian coordinates
Xim = Cartesian coordinate system on missile
Xj = Cartesian coordinate system on submarine
Xjj = patch direction cosines between axes of arbitrary

orthogonal coordinate system on patch and moving
frame coordinate system

Z/ = submarine coordinate system quantities describing
relative positions between two bodies
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p = position vector to body surface from body refer-
ence frame

pf = fluid density (const)
</>, = unit velocity potential
^ k = spatial variation of unit velocity potential
$ = velocity potential function
$p = velocity potential function at fixed point on moving

frame
co = angular velocity vector of moving frame

I. Introduction

DYNAMIC analysis of underwater launched fleet ballistic
missiles requires modeling of the hydrodynamic forces

acting on the missile while emerging from a submarine. Many
current industry methods use slender body and/or potential
flow theory to model hydrodynamic forces. The modeled
bodies are typically symmetric about the longitudinal axis.
Much simplification results from assuming that the missile is
moving in an infinite fluid. Current methods to model the
underwater dynamics of underwater submarine-launched
missiles predominately use infinite fluid symmetric body
assumptions in potential flow modeling, even in close
proximity to the submarine.

There is substantial interest in improved hydrodynamic
modeling of bodies emerging from other bodies. A current
operational method for modeling arbitrary emerging bodies
uses a technique of image planes.1 Very little difference is
predicted between hydrodynamic forces using truncated
infinite fluid coefficients and that using rather rigorously
determined emerging body coefficients for FBM missile
configurations where the motions are essentially per-
pendicular to the infinite plane (Figs. 1 and 2). The dominant
hydrodynamic force on the missile nose is insensitive to the
presence of the boundary conditions far removed from the
major lift.

There is interest in the use of nonsymmetric bodies for use
as test vehicles for underwater launch testing. The
hydrodynamic modeling of nonsymmetric bodies somewhat
increases the complexity and greatly increases the cost of
potential flow solutions. When the body is considered to be
emerging from or near another body (the submarine), the
modeling problem is then extremely complex due to the large
amount of numerical computations required. Advantages of
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Fig. 1 Emerging body hydrodynamic modeling. Fig. 3 General two body problem.
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Fig. 2 Comparison of two hydrodynamic models.

symmetry are lost and potential flow solutions must be
created for many different relative positions between the
bodies.

The advent of greatly improved potential flow solution
methods makes it feasible to use potential flow theory to
model the hydrodynamic forces on complex bodies un-
dergoing complex motions.2 The method of Chow has been
extensively investigated for applicability to potential flow
problems where flexibility is desirable between computing
cost and theoretical precision. Chow's method has been
demonstrated to be quite insensitive to missile surface
characterizations and is feasible for use in potential flow
problems which require many solutions.3

The potential flow problem solution methodology is
essentially invariant to the number of degrees of freedom the
body or bodies may have. If energy principles could be used to
evaluate hydrodynamic forces and moments, the procedure
required to determine hydrodynamic coefficients from the
potential flow solutions would be straightforward.

For the general case of a body emerging from another
body, however, there appears to be no alternative but to use
the Bernoulli equation to describe total force and moment on
the emerging body via integration of pressure. It is the ex-
pansion of the Bernoulli equation, using moving coordinates
and many degrees of freedom, which can create a significant
algebra problem, not only because of conceptual difficulty,
but by virtue of the sheer volume of arithmetic manipulations
which must be performed and coded.

An arbitrary body moving with six degrees of freedom has
162 coefficients describing total force and moment. Modeling
of distributed loading or pressure requires distributed
characterization of each of the coefficients. Application of
Euler's equations to determine pressure on an arbitrarily

moving body is complicated when six or more unit velocity
potentials exist in the potential function. If a direct method is
used to accomplish these operations, the task is tedious for the
six degree of freedom (DOF) case. It is impractical for the 12
DOF case. Experience with 3 and 6 DOF hydrodynamic
modeling indicates that it is difficult to assure elimination of
development or software coding errors when expanding the
Bernoulli equation with direct algebraic manipulation to
separate all unique combinations of the generalized velocities.

Verification of hydrodynamic coefficient algorithms and
software is difficult due to the lack of analytical solutions,
except for simple bodies which have but few nontrivial
coefficients. Errors in development or software can easily
remain undetected when analytical solutions are trivial.

This development effort was inititated to fill the need for an
efficient method to determine hydrodynamic coefficients of
arbitrarily shaped bodies. The method was originaly derived
for arbitrary bodies moving with six degrees of freedom in an
infinite fluid. This allowed validation of hydrodynamic
coefficients by using three DOF coefficient algorithms
determined through alternaive methods. The method has been
extended to the more general problem of an arbitrary body
emerging from another body. The algorithm is general and
may be used for an arbitrary number of unit velocity potential
functions.

II. Formulation

Problem Description
The objective is to develop an algorithm that cleanly ex-

presses the hydrodynamic pressure on a moving body surface
using a family of solutions for each of the n-umt velocity
potentials (n = \2 for this problem).

That is, for a given relative position between the submarine
and missile, we wish to express pressure at every point as a
function of the velocities and accelerations of both bodies «,
and uit /= 1, n. The motions of points on the bodies may be
described with the sealers «,, Fig. 3.

V? = L,u,et + L,ui€i_,y.X,_, (2)

(3)

Given solutions for the potential function $, we now strive to
apply the Bernoulli equation to compute pressure.

A derivation of a particular form of the Bernoulli equation
will be described to assure confidence in the governing
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equation used to develop the pressure algorithm. There are
two reasons for presenting a derivation of the Bernoulli
equation: 1) there can be question as to the correct form of the
equation to use for a problem of moving coordinates in an
initially still fluid, and 2) it is desirable to identify a form of
the equation which is convenient for the development of the
pressure algorithm to follow.

The Bernoulli equation will be examined and transformed
using vector notation to yield an algorithm in terms of the
numerical quantities conveniently available after generating
families of solutions for the n-umt velocity potentials.

We begin with the following quantities as knowns for each
patch defining the body surfaces: Ap<XitXiJ> and </>, .

Note that the unit velocity potential (/>, has dependence on
the relative position between the missile and submarine.

c^cMZ.) j=l,6

III. Bernoulli Equation for Translating and Rotating
Coordinate System

Ignoring gravitational and hydrostatic effects which may be
modeled using conventional means, the inertial acceleration
of a fluid particle may be given by:

DVf
Dt (4)

Equation (12) may be derived by taking the gradient of both
sides of

03)

where C ( t ) is an arbitrary function of time.
Dropping the time dependence and using the dot product,

Eq. (13) becomes

(14)

The d$/dt term represents variation in the potential function
as perceived from the inertial frame. From the definition of
the potential function using moving coordinates, it is ap-
parent that it is desirable to be able to express the time
variation as perceived from the moving frame. We accomplish
this by transforming the d$/dt term using the total potential
function time derivative referred to the inertial frame

The fluid inertial velocity is given by the velocity potential
with

Dt

to get fromEq. (14)

where

dt

>- X)-— Dt

(15)

(16)

vf=
where

Combining Eqs. (4) and (5) gives

j=l,3

(5)

(6)

(7)

(8)

where d$/dt is time variation as perceived from the inertial
reference frame.

Taking the gradient of both sides of Eq. (8) gives:

Use of the chain rule in Eq. (7) gives

V dP~ L, ^rek=Pf

Since

and

j dxtdxk

(9)

(10)

(11)

Eq. (9) may be written

k=i

Use of Eq. (17) in Eq. (16) yields

(17)

(18)

Equation (18) represents the Bernoulli equation in a form that
we can use to develop a pressure algorithm. It may be trans-
formed for comparison with other forms to note that it is
different from that given by Lamb4 for a moving body with
moving coordinates. The equation in Ref. 4 does not include
stagnation pressure.

IV. Pressure Algorithm
Pressure, force, and moment are conveniently expressed

with coefficients multiplied by appropriate kinetic quantities.
Pressure may be expressed as

n n

= E £«/«/ (ZK) +ii, (Zk (19)

(12)

After using the symmetrical properties of the C,y array, there
are a number of unique coefficients for a particular (Z),
defined with

(20)

(21)

(22)

For a single body with six degrees of freedom (n = 6)

N6=27

and for our twelve degrees of freedom case

N12=90
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Calculation of hydrodynamic coefficients is accomplished by
integration of pressure over the body to yield coefficients for
the six forces and moments. For the general two-body case,
there are 540 unique coefficients.

The Cy array is determined from Eq. (18) using Eq.
(6). Consider the £c - (V$/2) term in Eq. (18). The inertial
velocity of the origin of the moving coordinate system may be
represented as the gradient of a sealer function defined as

V 4> • (uj x p) may then be expressed as

where

Then, using Eqs. (6), (23), and (24)

(23)

(24)

(25)

Evaluation of Eq. (25) requires variation of <£, in three ar-
bitrary, but orthogonal directions. A coordinate system is
located on each patch with one axis on the patch normal.

Taking the gradients in Eq. (25) gives

(26)k=l

where

and

(27)

(28)

Taking the gradient of Eq. (6) in like manner, and using Eq.
(26), we get

[ E "/ E xiikL

Taking the dot product in Eq. (29) yields

(30)

Xi X2

where

Equation (32) is then
n 3

(32)

(33)

(34)

We note the orderly recursive nature of the indices in Eq. (34)
to form the following

where

(m + 1)' = (m + 1) +3n

(m + 2)' = (m + 2) +3n

(35)

(36)

(37)

where n is either a negative, zero, or positive integer which
will cause the ( )' quantity to be either 1, 2, or 3.

Applying Eq. (33) to Eq. (35) gives

=
L ;

(38)
A r = 7

Evaluating the dot product yields

= E E E "./A*

where (39)

flj < / < /72

//i,/!, =0 i<nlt i>n2j //

Consider the v$- («Xp) term: The angular velocity vectors
are referenced to the moving coordinate system. The gradients
of the potentials are known in terms of a different coordinate
system attached to the patch. To carry out the dot product, we
transform the rotation rate vector as follows:

(31)

where /w is zero, unless / is the index of a unit velocity
potential corresponding to an angular rate of a particular
body in which case/^. = 1 . For the motions defined in Eqs. (2)
and (3), we get

On the submarine:

k=l

On the missile:

All other values of /u are zero.

i=10,12
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Expanding and rearranging Eq. (39) gives
n 3

V*- ( d > x p ) = £ £ «,«,,, [co, (.YwAi -Ai,*
7=; *=/

(X2ikX, -XltkX2 (40)

which may be expressed

(41)

Combining Eqs. (30) and (41) into Eq. (18) gives

Fig. 4 6 DOF system.

The D$p/D/ term is now addressed

-of (42)

(43)

That is, the unit velocity potential distributions, beyond
spatial variation relative to the missile frame, also vary at a
point on the missile as it emerges from the submarine.

and

Dt
3Z; d$>

17 "l""aT
Using Eq. (6) in Eq. (45)

D<i>P A d v^ dZ.-
~nT = ^ ~*7 Lui<t>i-TTVt J=I dZj i=} dt

which becomes
6 n

(44)

(45)

(46)

(47)

Equation (47) gives the nonsteady contribution to pressure
due to body acceleration and relative motion. It is the d<j>i/dZj
term that induces rather large numerical computational
requirements in emerging body modeling. Potential flow
solutions must be determined for a family of relative positions
sufficient to determine variational dependence on relative
motion. The dZj/dt terms may be transformed into scalar
velocities and combined with the w,wy coefficients in Eq. (42).

V. Alogrithm Verification
The pressure algorithm, Eq. (42), has been numerically

verified. The equation, when developed for an arbitrary body
moving with six degrees of freedom in an infinite fluid, takes
the form

<5 6 3

— = H [-*/«/+ IX", D
P / = / v ;=/ k=i

Fig. 5 Test missile profile.

where

£/

K

(49)

(48)

"2

U4

"6

as described in Fig. 4.
The lateral force and moment coefficients for a body shown

in Fig. 4 are shown in Table 1. Different algorithms were used
to generate both the potential flow solutions and the resultant
hydrodynamic coefficients. The coefficients agree very well
with each other. While only a few coefficients are verified
with this particular test, we conclude that the algorithm is
correct since it has been used in a general sense, exercising all
the elements.
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Table 1 Comparison of hydrodynamic coefficients

C5 C13 C35

Normal force

Moment

-8. 88098 a

(-8.88117)b

-3.62906
(-3.62971)

-3.40609
(-3.40673)

-16.49819
(-16.49886)

-1.68048
(-1.67895)

-5.20096
(-5.27662)

2.63502
(2.63816)

-9.11037
(-9.10038)

lrTop number derived from infinite fluid, symmetric body code. bBottom number derived from 6
DOF code with new pressure equation.

Acknowledgments 2Chow, S.K., Hou, A.Y., and Landweber, L., "Hydrodynamic
This research was funded in part by the U.S. Department of Forces and Moments Acting on a Body Emerging from an Infinite

the Navy, Contract Number N0003074C0127. Plane," The Physics of Fluids, Vol. 19, Oct. 1976, pp. 1439-1449.
3Burgdorf, O., "Parametric Study of C4 Hydrodynamic Coef-

RpiWon^c ficients," Westinghouse Electric Corp., Marine Division Tech. NoteKeierences 75-058, July 1975.
^urgdorf, O., "SUPERPHI," Westinghouse Electric Corp., 4Lamb, H., "Hydrodynamics," Dover, New York, 1945, 6th ed.,

Marine Division Tech. Note 76-068, Sept. 1976. p. 20.

From theAIAA Progress in Astronautics and Aeronautics Series..

AERODYNAMIC HEATING AND
THERMAL PROTECTION SYSTEMS—v. 59

HEAT TRANSFER AND
THERMAL CONTROL SYSTEMS—v. 60

Edited by Leroy S. Fletcher, University of Virginia

The science and technology of heat transfer constitute an established and well-formed discipline. Although one would
expect relatively little change in the heat transfer field in view of its apparent maturity, it so happens that new develop-
ments are taking place rapidly in certain branches of heat transfer as a result of the demands of rocket and spacecraft
design. The established "textbook" theories of radiation, convection, and conduction simply do not encompass the un-
derstanding required to deal with the advanced problems raised by rocket and spacecraft conditions. Moreover, research
engineers concerned with such problems have discovered that it is necessary to clarify some fundamental processes in the
physics of matter and radiation before acceptable technological solutions can be produced. As a result, these advanced
topics in heat transfer have been given a new name in order to characterize both the fundamental science involved and the
quantitative nature of the investigation. The name is Thermophysics. Any heat transfer engineer who wishes to be able to
cope with advanced problems in heat transfer, in radiation, in convection, or in conduction, whether for spacecraft design
or for any other technical purpose, must acquire some knowledge of this new field.

Volume 59 and Volume 60 of the Series offer a coordinated series of original papers representing some of the latest
developments in the field. In Volume 59, the topics covered are 1) The Aerothermal Environment, particularly
aerodynamic heating combined with radiation exchange and chemical reaction; 2) Plume Radiation, with special reference
to the emissions characteristic of the jet components; and 3) Thermal Protection Systems, especially for intense heating
conditions. Volume 60 is concerned with: 1) Heat Pipes, a widely used but rather intricate means for internal temperature
control; 2) Heat Transfer, especially in complex situations; and 3) Thermal Control Systems, a description of sophisticated
systems designed to control the flow of heat within a vehicle so as to maintain a specified temperature environment.

Volume59—432pp., 6x9, illus. $20.00Mem. $35.00List
Volume60—398pp., 6x9, illus. $20.00Mem. $35.00List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N.Y. 10019


	1: 


